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Abstract. Determinantal point processes on a compact complex 
manifold X are considered in the limit of many particles. The cor- 
relation kernels of the processes are the Bergman kernels associated 
to a a high power of a given Hermitian holomorphic line bundle L 
over X. It is shown that the defining random measure on X of the 
process, describing the particle locations, converges in probability 
towards a pluripotential equilibrium measure, expressed as a Monge- 
Ampere measure. Its smooth fluctuations in the bulk are shown to 
be asymptotically normal and the limiting variance is explicitly com- 
puted. A scaling Hmit of the correlation functions is shown to be 
universal and expressed in terms of (the higher dimensional analog 
of) the Ginibre ensemble. This setting applies in particular to normal 
random matrix ensembles and multivariate orthogonal polynomials. 
Relation to phase transitions, direct image bundles and tunneling of 
ground state fermions in strong magnetic fields (i.e. exponentially 
small eigenvalues of the Dolbeault Laplacian) are also explored. 
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1. Introduction 

The systematic study of determinantal point processes was initiated by 
Macchi [45] in the seventies who called them fermionic point processes, 
inspired by the properties of fermion gases in statistical (quantum) me- 
chanics. For general reviews see [601 EH HQ]. The theory concerns en- 
sembles of "particle configurations" on a given space X which exhibit 
repulsion. An important class of such processes are the determinantal 
projectional processes, which may be defined by a probability measure 



on the iV— fold product X , the "configuration space of particles on 
X", with the property that its density may be written as 

(1.1) V{xi, xtv) = ^ det(^(x„ Xj)), 

where the kernel K is the integral kernel of an orthogonal projection 
operator onto a vector space of dimension N. As a consequence the prob- 
ability distributions vanish for a configuration {xi,...,Xn) of points Xi 
as soon as two points coincide, explaining the repulsive behavior of the 
ensemble. As it turns out in many situations such ensembles are critical 
in the sense that they naturally appear in sequences with N, the number 
of particles, tending to infinity in such a way that a well-defined limiting 
ensemble may be extracted. Moreover, large classes of such sequences 
of ensembles often give rise to one and the same limit. This is the phe- 
nomena of universality (see |21| for a nice survey). Perhaps its most 
famous illustration is given by ensembles of N x N Hermitian random 
matrices whose eigenvalues, in the large N limit, determine a unique de- 
terminantal point process on the real line. This latter process has also 
been conjectured to describe the statistics of the zeroes of the Riemann 
zeta function ref, as well as statistics of quantum systems whose classi- 
cal dynamics is chaotic ( references and more recent relations to random 
growth and tiling problems may be found in |40|). 

The present paper concerns a general class of such critical ensembles, 
where the space X is a compact complex manifold equipped with an 
holomorphic line bundle L with a given Hermitian metric locally repre- 
sented as e'"^, where is called a "weight" on L. The kernel K defining 
the ensemble may then be identified with the orthogonal projection onto 
the space of global holomorphic sections H^{X, L) of L (with respect to a 
local unitary frame of (L, e"''^)). In this setting the limit of a large number 
of particles corresponds to the limit when the line bundle L is replaced 
by a large tensor power. When X is the complex projective space this 
setting is just a geometric formulation of the theory of (weighted) multi- 
variate orthogonal polynomials (see section [2]). In mathematical physics 
terminology if°(X, L) may be identified with the quantum ground state 
space of a single fermion (complex spinor) on X subject to an exterior 
magnetic field and the density 11.11 is the squared probability amplitude 
for the corresponding maximally filled many particle state. 

Already in the simplest case when X is the complex projective line 
(viewed as the one-point compactification of C) the corresponding en- 
semble is remarkably rich and admits at least three different well-known 
descriptions in terms of (1) normal random matrices, (2) a free fermion 
gas, (3) a Coulomb gas of repelling electric charges. See section [2] for a 
quick review of this fact. 

While there are quite recent result concerning this special case, both in 
mathematics and physics, there seems to be almost no previous results in 
the higher dimensional situation studied in the present paper (and very 



few results in the general one-dimensional case where X is a compact 
Riemann surface). For one reference see the recent paper [53j. As it 
turns out, the main new feature that appears in higher dimensions is 
that the role of the Laplace operator in one complex dimension (which 
expresses the limiting expected density of particles) is played by the fully 
non-linear Monge-Ampere operator, which is the subject of (complex) 
pluripotential theory fi2l [33l IM]. In fact, one of the motivations for the 
present paper is to develop a Coulomb gas type descriptions of a gas of 
free fermions on complex manifolds and conversely to provide a statistical 
mechanical interpretation of complex pluripotential theory. 

Yet another motivation comes from approximation theory where con- 
figurations (xi, ...xn) appear as interpolation nodes on X and a configu- 
ration maximizing a functional of the form 11.11 is known to have optimal 
interpolation properties in a certain sense [36l I56|. Sequences of configu- 
rations, with N tending to infinity, then appear naturally in discretization 
schemes. Moreover, as shown very recently in [TSj any such optimal se- 
quence equidistributes asymptotically on the corresponding equilibrium 
measure. This fact should be compared with Theorem 11.41 in the present 
paper which shows that, with high probability, the same equidistribution 
property holds for random configurations of the corresponding ensemble. 

One final motivation comes from the study by Shiffman, Zelditch and 
coworkers of random zeroes of holomorphic sections of positive line bun- 
dles, where many statistical results have been obtained and where a key 
role is played by Bergman kernels (cf. [T7 1 [571 l58j ). 

The main results of the present paper, to which we now turn, concern 
the universality of the correlation functions and fluctuations in the "bulk". 
The relation to phase transitions (with respect to perturbations of the 
weight 0) is also explored. 

1.1. Statement of the main results. Let L be a holomorphic line 
bundle over a compact complex manifold X of dimension n. Denote by 
H^{X,L) the vector space of all global holomorphic sections on X with 
values in L and write N := dimif°(X, L). Fixing an Hermitian metric 
on L, represented by a weight (f), and a suitable measure induces an 
inner product on H^{X,L) defined by 



(we are abusing notation slightly; see section [Llll . We will denote the 
corresponding Hilbert space by 7Y(X, L) and its Bergman kernel by K, 
which is the integral kernel of the orthogonal projection C°°{X,L) 




H%X,L): 



(1.2) 




where (sj) is an orthonormal bases in TC{X,L). 



As is well-known this setup induces a probability measure 7p on the 
A^— fold product whose density (w.r.t. /i^) is defined as the deter- 
minant of an X matrix: 

(1.3) V{x^,...,XN) ■■= ^det(K(x„x,-)e-^(*(^')+'^(^^))) 

The main object of study in the present paper is the large k asymptotics 
of the probability space (X^,7p), when L is replaced by its kth tensor 
power (written as kL in additive notation) equipped with the induced 
weight k(f). In the following a subindex k will be used to indicate the the 
dependence on the parameter k. We will always assume that L is big, i.e 
that 

Nk := dimH%X, kL) = Ck"" + o(r-^), C > 

(where the constant C is usually called the volume of L). Moreover, the 
main results concern weighted measured (0, jj) which are strongly regular. 
This will mean that the weight is C^'^-smooth, i.e. it is differentiable 
and all of its first partial derivatives are locally Lipschitz continuous, and 
the measure = a;„ is the volume form of a continuous metric u on X. 
When X is the complex projective space X := P" and L the hyperplane 
line bundle 0{1) (so that H'^{X^kL) may be identified with the space 
of all polynomials of total degree at most k in C") we also allow Un to 
be the Lebesgue measure on the affine piece as long as has super 
logarithmic growth (formula 12. 4p . In the sequel we will usually assume 
that (0, jj) is strongly regular. However, occasionally we will explicitly 
point out that a result is valid for a weakly regular pair (0,/^), where 
for example /i is allowed to be supported on a totally real domain (see 
section [L4ll . As a guide line, results concerning the "macroscopic regime" 
will be shown to hold in the weakly regular situation, while the results 
in the "microscopic regime", concerning lenghth scales of the order k~^^'^, 
only hold in the strongly regular case. 

1.1.1. Correlation functions and the equilibrium measure. As is well known 
all the m— point correlation functions p^^\ where 1 < m < N^, of the en- 
semble above may be expressed as (weighted) determinants oi Kk{xi,Xj). 
In particular, 

p«(x) = Kk{x,x)e-'^^'\ P^'H^,y) = - \Kk{x,y)fe-'^^'^e-'*'~y\ 

where p^^) "^ is the connected 2-point correlation function (see section [6TT]l . 
As recently shown in [9j, in the strongly regular case, 

(1.4) /c->l^)^„^/i^^, 

weakly, when k —>■ oo, where is the pluripotential equilibrium mea- 
sure (of (X, 0)), which may be written as the Monge- Ampere measure 
{dd'^(j)eY /n\ of the equilibrium weight 0e. In fact, as later shown in [13] 
the convergence holds for weakly regular weighted measures (0, /i). How- 
ever, in the strongly regular setting point-wise convergence actually holds 



in the sense that there is a subset of X that will be called the bulk (of 
(X, 0)) such that 

k~'^Pk\x) ^ det{dd''(f)){x), xin the bulk 

UJ 

and converges to zero almost everywhere in the complement of the bulk. 
The precise definition of the bulk is given in section [3] - for now we will 
just mention that dd'^cp > in the bulk, but unless dd'^cj) > globally on 
X the bulk is usually strictly contained in X(0) := {dd'^cp > 0}. 

The following theorem gives the scaling asymptotics, around a fixed 
point X in the bulk, of the Bergman kernel. It is expressed in terms of 
"normal" local coordinates z centered at x and a "normal" trivialization 
of L, i.e such that 

n n 

(1.5) Lj{z) = -"^dzi Adzi + (f){z) = Aj \zif + ... 

i=l i=l 

where the dots indicate "higher order terms". Hence, Aj are the eigen- 
values of the curvature form dd'^cj) w.r.t the metric u and we denote the 
corresponding diagonal matrix by A. 

Theorem 1.1. Assume that (0, l<j„) is a strongly regular weighted mea- 
sure. Let X be a fixed point in the bulk and take "normal" local coordinates 
z centered at x and a "normal" trivialization of L as above. Then 

k-"Kkik-'/^z, k-^l^w) ^ ^e^^^''"^ 

in the — topology on compact subsets of x C^. In particular, the 
connected 2-point function has the following scaling asymptotics 

-k-'yf-'ik-'/'z,k-'/'w) ^ (^)2e-i:r..A,i..-»..p 

uniformly on compacts o/C" x C^. 

The previous theorem may on one hand be interpreted as a "localiza- 
tion" result, in the sense that the limit is expressed in terms of local 
data (the curvature of dd'^cp at the fixed point). On the other hand, it 
can be seen as a "universality" result (see [2T] for a general discussion 
of universality in mathematics and physics). Indeed, scaling the coor- 
dinates further in order to make the metric dd'^cj) at the fixed point the 
"yard stick" the limiting kernel becomes independent of the ensemble 
(and coincides with the Bergman kernel of Fock space). When n = 1 the 
corresponding limiting one-dimensional determinantal point process was 
studied by Ginibre, who showed that it appears from a scaling limit of 
random complex matrices with independent complex Gaussian entries. 

As a corollary the following analog of a well-known universality result 
for the Hermitian random matrix model (where the limiting kernel is the 
sine kernel) is obtained: 



Corollary 1.2. Let (p be a function in C^'^{C) with super logarithmic 
growth and denote by p^J' the eigenvalue correlation functions of the 
associated normal random matrix model (see section V2.2.1\) . Then the 
following universal relation holds when the rank N = k + 1 of the matrices 
tends to infinity: 

uniformly on compacts of CxC, when zq is a fixed point in the eigenvalue 
plane C. 

The next theorem implies that the correlations are short range on 
macroscopic length scales in the bulk. 

Theorem 1.3. Assume that {(j),ujn) is a strongly regular weighted mea- 
sure. Let E be a compact subset of the interior of the bulk. Then there 
is a constant C ( depending on E) such that the following estimate holds 
for all pairs (x, y) such that either x or y is in E : 

-k-^-pf^-'{x,y) < Ce-^'^(^'J')/^ 

for all k, where d{x, y) is the distance function with respect to a fixed 
smooth metric on X. 

1.1.2. Fluctuations of linear statistics. Consider the random measure 
(i.e. a measure valued random variable) defined by 

N 

(1.6) (xi,...,X7v) ^^ 

i=l 

Its expected value is the one point correlation measure p^^^ujn- To get a 
real-valued random variable one fixes a function m on X and defines the 
random variable N[u] by contraction: 

A/'[m](xi, ...,xn) ■= u{xi) + .... + u{xn), 

often called a linear statistic in the literature. In particular, if m = 1e 
is the characteristic function of a subset E of X, then Af[u]{xi, ...,xn) 
counts the number of Xi contained in E. By 11.41 the expected value of 
the normalized random measure 11.61 converges weakly to the equilibrium 
measure of (X, 0). The following theorem says that one actually has 
convergence in probability: 

Theorem 1.4. Assume that {4>, p) is a weakly regular weighted measure. 
Let u be a continuous function on {X,p). Then 

(1.7) r"A4M^ / 

Jx 



in probability when k tends to infinity at a rate of order 0{k i.e. 

C 



Probk{{{xi, ...,XNk 



k + ....+ M(xArJ) - / /i<^M 



X 



>e})< 



for some constant C independent of e and k. 

Note that it follows from basic integration theory that the convergence 
also holds if u is the characteristic function of a, say smooth, domain E 
in X, as long as the limiting measure /i^ is absolutely continuous (w.r.t. a 
smooth volume form). In particular, this happens in the strongly regular 
case. To get convergence in probability, i.e. to see that a (weak) "law of 
large numbers" holds, the following simple variance estimate is used: 

Var(A4M) := E(A4.N)2) = 0(P) 

for any u as above, where Mk[u] is the "fluctuation" 

Afk[u] :=A4M -E(A4M) 

of the random variable Afk[u]. 

Next, the fluctuations in the bulk are considered for functions u which 
are suitable smooth. The main result is the following central limit the- 
orem, formulated in terms of the Laplace transform of the law on M of 

Theorem 1.5. Assume that {(j),ujn) is a strongly regular weighted mea- 
sure. Let u be a C^'^— smooth function on X supported in the bulk. Then 
the sequence E(e^*'^ *" ^'^^A^cM,^ converges to a Gaussian function in t. 
More precisely, 

hm logEle-'^-'-^'^^^^M,) = (||rf«||J,.,)tV2 

in the C^ — topology on any given compact subset in Mj. Ifu is merely C^ — 
smooth then the point-wise convergence of the second derivatives att = 
still holds. 

Corollary 1.6. Let u be a C^— smooth function on X supported in the 
bulk. Then (i) the variance of the random variable Af[u] has the following 
asymptotics 

Var,mu]) = i\\du\\l,.^)k-' + o{k--'). 

(ii) Assume further that u is C^'^ — smooth. Then the normalized ran- 
dom variable Mk [u] / a/ Far(A4 [u] ) converges in distribution to the stan- 
dard normal variable with mean zero and unit variance i.e. 

^y Var{u{xi) + ... + u{xnJ) ~ J_^ 

Just like Theorem 11.11 the previous results may be interpreted as uni- 
versality results (compare the discussion in [2T]). Note in particular that 
the one-dimension case (n = 1), i.e. when X is a Riemann surface, is 
singled out by the fact that the variance is independent of the weight 0. 



In general dimensions, the previous result essentially says that the fluc- 
tuations converge in distribution to the Gaussian free field |59j in the 
bulk (w.r.t. the metric dd'^cj)). Compare [501 E] for precise statements in 
one-dimensional situations. 

On the other hand, as there may, as pointed out below, appear second 
order phase transitions (when the weight is perturbed), a central limit 
theorem for general smooth functions u, is not to be expected. 

1.1.3. Free energy and phase transitions. Next, we will interpret some of 
the previous results in terms of phase transitions. In statistical mechan- 
ical terms the probability space on may be realized as a Boltzmann- 
Gibbs ensemble in the following way. The line bundle L induces an "in- 
ternal energy" on the "configuration space" of N identical particles 
distributed on the complex manifold X : 

Eint{{xi, ...,xn) ■■= -log(|det ^(xi, .xn)^), 

where det S{xi, .xn) is the section of the pulled-back line bundle L^^ 
over X^ defined as 

(1.8) det{S){xi, .Xn) ■■= det {si{xi))i,j 

l<i,j<N 

in terms of a fixed base S = (sj) in H^{X,L). This means that Emt is 
a weight for the dual of L^^ , which is canonically defined by the line 
bundle L up to an additive constant. The weight 0, in turn, plays the 
role of an exterior potential and hence induces the following "external 
energy" 

Ee^t{xi, Xn) ■■= (p{xi) + .... + 0(x7v), 

which is a weight for L^^ . Summing gives the total energy = Ei^t + 
Eext which is a hence a function on the configuration space X^. This 
energy function (=Hamiltonian) determines, in the usual way, the prob- 
ability density of the corresponding Boltzmann-Gibbs ensemble (which 
coincides with 11.31) : 

g-E^(2;i,...,a;jv) 

(1.9) r{x^,...,XN):= , 

where the normalization factor is called the partition function and 
^[4>]= — fog^[0] is called the free energy. 

Given a positive integer k one now obtains a sequence of Boltzmann- 
Gibbs ensembles as above. The corresponding large k limit may then be 
interpreted the limit when the number of particles tends to infinity, 
i.e. as a "thermodynamical" limit. In particular, the triple (L,0, cUn) 
induces the following sequence of functionals on the space of all weights 
for L : 

which are canonical up to additive constants. Hence, their functional 
derivatives (differentials) may be represented by canonical measures on 



X which turns out to coincide with the expectation of the 1— point cor- 
relation measure. To fix the value we take the base (sj) above to 
be orthonormal with respect to a weighted measure {k(t)Q,uJn)- The main 
result in (121 [I3] may now be translated to: 

Theorem. Let (0, jj) be a weakly regular weighted measure and let (po be 
a fixed "reference weight" and consider the corresponding sequence of free 
energies J-'[k(f)] (relative kcpo). Then there is a functional J-'oo such that 

Moreover, the weak convergence at the level of differentials also holds: 

+ tu)]) ^ + H = ^ 

for any continuous function u on X. 

For a formula of the functional T^o [0] see section 13. 1[ The previous 
result should be seen in the light of the theory of phase transitions. 
These may be defined in terms of regularity properties of the free energy 
when the system is perturbed. More precisely, according to the Ehrenfest 
classification, a family of Gibbs ensembles, depending on a parameter t, 
is said to have a phase transition of order m at t = if the m th derivative 
av the corresponding free energy Tt is the lowest derivative to not exist 
at t = 0. In the present case one consider the family above obtained by 
varying the weight: (pt = 4> + tu (corresponding to linear perturbations 
of the exterior potential). From this point of view the previous theorem 
implies the absence of phase transitions of the first order. However, as 
observed in [I2] it may happen that the second derivatives of J-'oo [4> + tu] 
does not exist, i.e. that there is a phase transitions of the second order. 

Still, the following result implies that if u is assumed to be supported 
in the pseudo-interior of the bulk of (X, 0), then this does not happen. 

Theorem 1.7. Fix a continuous volume form Un and C^'^ -family of 
weights (pt so that {(f)t,uJn) is a family of weighted measures, where the 
t— derivatives of (pt are supported in the bulk of {X^cpo). Then 

dtdt dtdt 

when k tends to infinity. 

Moreover, the limit above is explicitly given using 

dtdlToolM = t.(dd'=$)"+V(«+ 1)!, 

where, locally, ^{z,t) = 4>t{z) is assumed C^'^-smooth. The relation to 
direct image bundles is briefiy explored in section 17.31 

As shown in [l2j J-'oc[4> + tu] is C^'^-smooth w.r.t. any, say smooth, 
function u. This motivates the following 



Conjecture 1.8. Let {4>,fi) be a weakly regular weighted measure and 
u a Lipschitz continuous function on X . Then there is a constant C 
(independent of k) such that 



As the left hand side above is precisely the variance Varfc(A/"[M]) the con- 
jecture amounts to having a general variance estimate improving those 
above. The proof of the following special case of the conjecture will 
appear elsewhere: 

Theorem 1.9. Let X he a complex subvariety of a complex projective 
space let and L be the restriction to X of the corresponding hyper plane 
line bundle. Let (0, /i) be a weakly regular weighted measure such that fi 
is supported on the corresponding real projective variety X(]R). Then the 
previous conjecture holds. 

The previous theorem in particular applies to the classical setting of 
multivariate orthogonal polynomials on domains in M" if one takes X as 
the n— dimensional complex projective space (see section [2|). 

Finally, it should be pointed out that in case (p is smooth (i.e. in C°°) 
and the measure = tUn is a smooth volume form on X it was shown in 
[9] that the Bergman kernel K{x, y) admits a local complete asymptotic 
expansion when x and y are in the interior of the bulk. As a consequence, 
many of the results above may be refined in this case. Similarly, when 
is smooth most of the present results may be generalized to the case 
when jj, = Ie'^u where E' is a domain in X with smooth boundary. But 
is then important to take the definition of the bulk to be the interiour 
of the set n n X(0). In this context, it would be very interesting to 
understand the scaling asymptotics of the correlations at the boundary 
of E, but this seems to require new ideas. For a special case where this 
has been carried out see [7j. 

Remark 1.10. The previous results are actually shown to hold in a more 
general setting where (/cL, kcj)) is replaced by {kL + F,k(f) + (pp) were 
{F,(f)p) is a Hermitian holomorphic line bundle with suitable regularity 
properties. In fact, this fiexibility will allow us to pass directly from 
variance asymptotics to a central limit theorem. 

1.2. Tunneling of fermions and analytic torsion. Finally, we will 
announce a result that relates the exponentially small eigenvalues of the 
twisted Dolbeault Laplacian (corresponding to the Pauli operator cou- 
pled to a magnetic field in the mathematical physics literature) to the 
free energy functional above. The proof will appear elsewhere. 

In order to state the result first recall that the 9— operator gives rise 
to the Dolbeault complex {fl'^'' {X , L) , d) : 



< 



< Ck 



(1.10) 



d 



d 



(X,L) 



(X,L) 



...id' = 0) 



where Q^''^{X, L) denotes the space of all smooth (0, q)— forms with val- 
ues in L. Fixing a smooth metric u and a smooth weight on L induces 
inner products on the previous complex. The corresponding formal ad- 
joint d* then defines a dual complex (by reversing the arrows). The 
Dolheault Laplacian A on Q^''{X, L)may now be defined as the square of 
the corresponding Dirac operator d + d*. Hence, it decomposes according 
to degree as 

n 

A = d*d + d*d = A(^) 

q=l 

Finally, replacing (L, 0) be {kL, k(f)) gives rise to a sequence A^; of Dol- 
beault Laplacians. 

Theorem 1.11. Let {L, 0) be an ample line bundle with a smooth weight 
(f) over an Hermitian manifold (X, u). Then for any p > 

n 

(1.11) fc-("+^)^g(-l)«logdet(l]o,fci-P[(Ai'^))) ^ ~£[ct>eAl 

q=l 

where £ is the bi-functional \3.8[ . Moreover, 

(1.12) logdet(Vi-.[(A(^)) + o(A;("+i)) = logd;t(Al'^)) 

where the right hand side is the zeta function regularized determinant of 
the restriction of {A^^'') to the orthogonal complement of its null-space. 

The expression £[i/j , ip'] appearing above may be defined as a Bott- 
Chern class. It is related to the free energy functional above by the 
relation 

J^oo[4>] = £[4>e,4>o] 

if the reference weight 0o is taken to be psh. Recall also that L is ample 
precisely when it admits a smooth weight with positive curvature. By 
the Hormander-Kodaira estimates there is a uniform positive lower bound 
on the first positive eigenvalue of A[,'^'* for any q for such a weight. This is 
consistent with the fact that S[4>e, 0] = when has positive curvature. 
The last statement of the previous theorem is a fairly straight-forward 
generalization of [16]. Together 11.111 and 11.121 say that the Ray-Singer 
analytic torsion of the Dolbeault complex associated to a high power kL 
also tends to — £^[0e,0] when divided by k^"'~^^\ This latter fact was first 
proved in [l2] under the further assumption that u; be a Kahler metric, 
which allowed the use of exact results (i.e. for k fixed) in [15] for the 
Quillen metric. 

In the one-dimensional case 11.111 is equivalent to 

-A;-2^1og\,^ l|rf(0-0e)f /2, 

i 

where the sum is taken over all positive eigenvalues of the Dolbeault 
Laplacian acting on smooth sections with values in kL, that are less 
than k~P for any fixed positive number p. 



1.3. Relation to previous results. The main point of the present pa- 
per is to apply techniques from complex geometry/analysis, notable d- 
estimates, to determinantal point processes. It should be emphasized 
that in the case of a smooth weight corresponding to a smooth positively 
curved metric on L the results on the corresponding Bergman kernels are 
well-known and go back to the work of Tian, Zelditch, Catlin and oth- 
ers. For the decay estimate in Theorem 11.31 in a C"-setting see [24l [44]. 
Note that by an example of M.Christ the rate of decay in Theorem 11.31 
is essentially optimal. The extension to smooth, but not unnecessarily 
positively curved metrics and the relation to equilibrium measures was 
initiated recently in [9l E] and then developed to less regular weights and 
measures in [T2l [T3]. 

The bulk universality in corollary 11.21 should be compared with the 
case when the reference measure is the usual invariant measure on R. 
The corresponding bulk universality, at length scales of the order k~^, is 
then well-known in the context of random Hermitian matrices and the 
corresponding limiting kernel is then the sine kernel. In this context the 
bulk is usually defined as the maximal open set in M where the corre- 
sponding equilibrium measure has a positive continuous density (cf. |49] 
where mean-field theory methods are used) and [23j for the real-analytic 
case, where Riemann-Hilbert methods are used. For the convergence in 
probability in this "real" case (which is a special case of Theorem II. 4p see 
[Tf] and references therein. The analog in the real case of Corollary 11.61 
concerning fiuctuations for a convex weight on M (but for "general" u) 
was obtained in [39]. See also [48] where it is shown that the correspond- 
ing central limit theorem for "general" u on may not hold for non-convex 
weights in M. This fact should be compared with the fact pointed out in 
the present paper that there are perturbation tu which give rise to second 
order phase transitions. Note also that in the case of the translational 
invariant reference measure on 5*^ third order phase transitions has been 
appeared in the physics litterature in the context of lattice gauge the- 
ory [32], as well as in combinatorics [H]. During the preparation of the 
present paper the preprint [I] appeared where Corollary ll.Gl was obtained 
for real-analytic in C, also by refining the analysis in [8j, but combined 
with a more combinatorial argument using expansion of cumulants. For 
the special case where = \z\^ , but "general" u are considered, see [50]. 
For a general central limit theorem of the form {ii) in Corollary 11.61 for 
general determinantal point process (given estimates on the variances) 
see [61]. The variance asymptotics in {i) in Corollary 11.61 is also closely 
related to the results in [H] on direct image bundles (compare section 

1731). 

Finally, it should be emphasized that in the smooth positively curved 
case (with a smooth reference measure) Bergman kernel asymptotics have 
already been applied and developed extensively by Shiffman-Zelditch and 
their collaborators in the context of random zeroes of holomorphic sec- 
tions (defined with respect to the Gaussian probability measure on the 



Hilbert space H{X, kL)). For example, universality of the correspond- 
ing correlation functions was proved in |17) and a central limit theorem 
(when n = 1) was obtained in [58|. 
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1.4. Notation and general setup. 

Weights on line bun Let L be a holomorphic line bundle over a 
compact complex manifold X. We will represent an Hermitian metric on 
L by its weight 0. In practice, may be defined as certain collection 
of local functions. Namely, let be a local holomorphic trivializing 
section of L over an open set U (i.e. s^{x) 7^ for a; in U). Then locally, 

a is a holomorphic section with values in L, then 

over U it may be locally written as a = ■ s^, where is a local 
holomorphic function. In order to simplify the notation we will usually 
omit the dependence on the set U and and simply say that / is a local 
holomorphic function representing the section a. 

The point-wise norm of a may then be locally expressed as 

(1.13) I«l5 = l/I'e-^ 

but it should be emphasized that it defines a global function on X. 

The canonical curvature two-form of L is the global form on X, locally 
expressed as ddcp and the normalized curvature form idd(j)/27i = dd'^cj) 
(where d'^ := i{—d + 9)/47r) represents the first Chern class Ci(L) of 
L in the second real de Rham cohomology group of X. The curvature 
form of a smooth weight is said to be positive at the point x if the 
local Hermitian matrix { g^.g^. ) is positive definite at the point x (i.e. 
dd^(l)x > 0). This means that the curvature is positive when (f){z) is strictly 
plurisubharmonic (spsh) i.e. strictly subharmonic along local complex 
lines. 

More generally, a weight ^/^ on L is called (possibly) singular if is 
locally integrable. Then the curvature is well-defined as a (1, 1)— current 
on X. The curvature current of a singular metric is called positive if ip 
may be locally represented by a plurisubharmonic function and ijj will 
then simply be called a psh weight. 

Further fixing an Hermitian metric two-form u on X with associated 
volume form u;„ gives a pair (0, Un) that will be called a weighted measure. 
It induces an inner product on the space H^{X, L) of holomorphic global 
sections of L by declaring 



general references for this section are the books |3H [26] . 



(1-14) h\\l-= / \a\lujr, 



X 



The corresponding Hilbert space will be denoted by ^{X, L) and its 
Bergman kernel by K{x,y), which is a section of the pulled back line 
bundle L lEI L over X x X (see section El). 

The Hermitian line bundle (L, (p) over X induces, in functorial way, 
Hermitian line bundles over all products of X (and its conjugate X) and 
we will usually keep the notation for the corresponding weights. For 
example, we will write 

\K{x,y)\l:=\K{z,w)fe-^^^^e-'^(-^ 

where the right hand side is strictly speaking only defined when both x 
and y are contained in an open set U where L has been trivialized as 
above. When studying asymptotics we will replace L by its k th tensor 
power, written as kL in additive notation. The induced weight on kL 
may then be written as kcp. A subindex k will indicate that the object is 
defined w.r.t the weight. k(j) on kL for a fixed weight on L. 

Regularity assumptions. A weighted measure (0, /x) will be called strongly 
regular if the weight is locally C^'^-smooth (i.e. it is differentiable and 
all of its first partial derivatives are locally Lipschitz continuous) and 
/i = ci;„ is the volume form of a continuous metric oo on X. Moreover, if 
{X,L) = (P",0(1)), where is P" the complex projective space, viewed 
as a compactification of its affine piece C", then we also allow Un to be 
defined by the Lebesgue measure on as long as the corresponding 
weight function (f){z) on C" has super logarithmic growth (formula 12.41 
below) with G C^'^{C"'). Occasionally, we will also consider weighted 
measures (0, fi) which are weakly regular in the following sense. The 
weight is assumed to be continuous on a compact set E, which is 
locally non-pluripolar and such that the equilibrium weight of {E, 0) (see 
remark 13.11) is continuous on the complement of an analytic subvariety 
of X. As to the measure it is assumed to be supported on E and 
satisfying a Bernstein-Markov property with respect to the weighted set 



{E,(f)) (saying that has subexponential growth in k; see |T3]). If i 
has super logarithmic growth as above we only assume that is a closed 
(but possibly unbounded) subset of C"^. 

Probability notation. Given a probability space (1^,7), i.e. a measure 
space where 7(X) = 1, a measurable function Af on (y,7) is called a 
random variable. Its integral w.r.t to Y is denoted by K{Af) and called 
the expectation of A/". Recall also that if A/" takes values in a space Z then 
the pushforward of 7 under M is called the law of M on Z. A subindex 
k will indicate that the object is defined w.r.t. the probability measure 
onY = X^'' , defined by the density 11.31 induced by a weighted measure 

(0,/i). 



Occasionally, we will also consider the probability measures defined by 
the Bergman kernels K^ip+^p associated to a sequence of Hermitian line 
bundles {kL + F,k(j) + (j)F) (and a fixed reference measure /i) and we will 
then write E = Efe^+<^j^ etc. 

2. Examples 

2.1. From projective space to orthogonal polynomials. It is a clas- 
sical fact that C" is compactified by the complex projective space X :— 
P". Let L be the hyperplane line bundle (9(1) on P". Then H^{X, kL) is 
the space of all complex homogeneous polynomials of total degree k in 
C""*"^, which is isomorphic to the vector space 7^fc(C") of all polynomials 
in C" of total degree at most k. Indeed, fix a global holomorphic section 
s of 0{1), whose zero-set is P" — C", the" hyper plane at infinity". Then 
any section Sk of L'^^ over the open subset U :— C" may be written as 

where Pk is in 7ife(C") (concretely, this amounts to "dehomogenizing" 
Sk). Moreover, the point-wise norms with respect to a metric on kO{l) 
induced by a given locally bounded metric h on 0{1) become 

(2.1) \skiz)\l^. = \Pk{z)f e-'^'^^^^ 

for some function (f){z) on C"", that we will call the weight function. As is 
well-known, this gives a correspondence between locally bounded metrics 
h on 0{1) and weight functions ^(z) of the form 

(2.2) (j){z) = (j)Fs{z) + u{z) := ln(l + \z\^) + u{z), 

where w is a locally bounded function on C". In particular, a subclass of 
weights corresponding to smooth metrics on 0{1) are obtained by taking 
u e C,?°(C"). Note that the metric hps corresponding to (f)Fs{z) is the 
Fubini-Study metric on 0{1) which is characterized (up to a constant) by 
its iS'f/(n)— invarians. Its (normalized) curvature form ujfs '■= dd'^(])ps is 
the called the Fubini-Study metric on P" and a simple calculation shows 
that the corresponding volume form is given by 

{ujFs)n := {dd'^cl>FsT/n\ = e-(-+i)'^-«(^)"d^ A dz 

where {^)"'dzAdz denotes the Lebesgue measure on C". The global norm 
of Sfe induced by the weighted measure (0, {ooFs)n) may hence be repre- 
sented as 

(2-3) \Ml^,..s)--= I \Pk{z)\' e-'^^^\ujFs)n. 



Alternatively, the weight (j) itself induces a measure e ^'^^^^'^^^\^)"'dzAdz. 
The corresponding norm is hence given by 

Jc" ^ 

Note that the the contribution from the factor e"^""'"^-''^ makes sure that 
the integrals are finite. 

2.1.1. The setting of super logarithmic growth. A variant of the previous 
setting arises if one insists on using the Lebesgue measure as the integra- 
tion measure defining the norms in 12.31 Then (f){z) has to have slightly 
larger growth than in formula 12.21 in order to get finite norms. More pre- 
cisely, we then assume that has super logarithmic growth in the sense 
that 

(2.4) (f){z) > (1 + e) In \zf , when \z\ » 1 

for some positive number e. It should be emphasized that such a weight 
does hence not correspond to a locally bounded metric h on C(l). But 
as shown in [H| a slight modification of the arguments apply to this super 
logarithmic setting, as well. The key point is that the growth condition 
12.41 forces the corresponding equilibrium measure to be compactly sup- 
ported in C". The model case is when ^(z) = \zf . Then the equilibrium 
measure is (up to a multiplicative constant) the Lebesgue measure on 
the unit ball. 

The most general setting is the following one. 

2.1.2. The weakly regular setting and orthogonal polynomials. The ba- 
sic case of this setting appears when the integration measure in 12.31 is 
replaced by a measure n which is absolutely continuous with respect 
to the C" (or M")-Lebesgue measure and supported on a domain E with 
smooth boundary in C" (respectively in M"). Hence, this setting contains 
the classical (weighted) setting of multivariate orthogonal polynomials on 
domains in and R". Even more generally, M" could be replaced by 
any maximally totally real subset of C", for example the unit torus. 

2.1.3. The Vandermonde determinant and the transfinite diameter. Fix 
a base (sq,) in Hk{C"') of multinomials (which is is hence orthonor- 
mal w.r.t. the weighted measure (/iT",0), where /xt" is the invariant 
probability measure on the unit-torus). The corresponding determinant 
deti<ij<j\f^{si{zi))ij appearing in formula fLSl is classically called the Van- 
dermonde determinant and is usually denoted by A{zi, Zn^,). Hence, 
the probability density 11.31 may, using formula 11.91 then be written as 

(2.5) |A(zi,...,z^J|^e-^(*(^^)+-+^(^-.)/Z,<^ 



w.r.t. the Lebesgue measure in C". For n > 1 A{zi, zn^) is a very 
complicated polynomial expression in Zi, zn,,- But for n = 1 it factor- 
izes so that 



Finally, it should be pointed out that in this setting the limit of (Zk^Y^''"'^^ 
coincides (after suitable normalization) with the multivariate weighted 
transfinite diameter of (C", 0) [El [IE], whose definition goes back to the 
work of Leja in the fifties. 

2.2. Normal random matrices, free fermions and the Coulomb 
gas. In this section we will set n = 1 (so that N = k + 1) and take the 
measure on C to be Lebesgue measure and a weight function with super 
logarithmic growth. References concerning this section may be found in 
the survey [62]. See also [28] for a similar periodic setting, where C is 
replaced by the torus C/Z + iZ with a constant curvature line bundle. 

2.2.1. Random normal matrices. Consider the set of all normal matrices 
Mn ■■= {M e gl{N,C) ■ [M,M*] = 0} as a Riemannian subvariety of 
the space gl{N, C) of all complex matrices of rank N equipped with the 
Euclidean metric. A given weight function of super logarithmic growth 
induces the following probability measure on A^a? 



where dYM^ is the Riemannian volume measure oi Ai^ and Z'^^^ is a 
normalizing constant (usually called the partition function of the cor- 
responding matrix model). Under the map which associates the (or- 
dered) eigenvalues (zi, Z]<q) to a matrix M the probability measure 12.61 
is pushed forward to a probability measure on which turns out to co- 
incide with 12.51 (with n= 1) times Lebesgue measure. The corresponding 
correlation functions p^™"* are hence usually called eigenvalue correlation 
functions in this context. It should also be pointed out that the corre- 
lation functions corresponding to the weighted set (0, /i) where /i is the 
invariant measure supported on R (or the unit-circle T) coincide with 
eigenvalue correlation functions for random Hermitian (or unitary) ma- 
trices, weighted by 0, which have been extensively studied (cf. [22 l [39 l [^ 
and references there in). 

2.2.2. Free fermions. The weighted polynomials := z"^e~'"^^^^^'^ 

where m = 0,...,k each represent the quantum state of a single spin 
1/2 quantum particle (=fermion) confined to a plane subject to a mag- 
netic field B perpendicular to the plane, where the value of B at the 
point z is -^k ^g^gj in suitable units. Moreover, the states form a lin- 
early independent set in the lowest possible energy level (=ground state). 
More precisely, this latter fact means that \l/+,m is an eigenvector of finite 




(2.6) 



norm with eigenvalue of the Pauli operator, which in complex notation 
may be written as 

where intertwines the space of spin up and spin down particles 

dk4> = d+ ^90A : (C) ^ (C) 

and d].^ is its formal adjoint (the corresponding real "vector potential" is 
given by kA := ^k{d(f) — d(f))). Hence, the particle state \E'+,m is said to 
have spin up, since it has no spin down component in i7°'^(C) (defined is 
the space of element of the form g{z)dz). The corresponding many parti- 
cle state of free (=non-interacting) fermions, should according to the 
postulates of quantum mechanics for fermions be anti-symmetric under 
an exchange of two single particle states \E'm. Hence, it is represented by 
the (Slater) determinant "^{zi, ...,xn) '■= det(\E'+,j(zj))jj. In particular, 
the corresponding probability amplitude coincides (after normalization) 
with the density fL9l 

2.2.3. The coulomb gas. Writing the probability density [Ql in the form 
11.91 identifies it with a Gibbs (Boltzmann) density at temperature T = 1 
(in suitable units) 

(2.7) , 

describing an ensemble of N equal electric unit charges interacting by the 
Coulomb potential and subject to an exterior potential /c0. Equivalently, 
one may rescale and write Eke/, = k'^E^. Then the large k limit is the limit 
when the number of particles k tends to infinity in such a way that their 
total charge and the exterior potential are independent of k, but the tem- 
perature T is inversely proportional to A;^. As a consequence it is, at least 
heuristically, clear that the dominating contribution to 12.71 comes from 
configurations minimizing the total energy. Asymptotically such config- 
urations equidistribute on the (weighted) equilibrium measure, which in 
this case may be defined as the measure minimizing the corresponding 
limiting energy functional, called the weighted logarithmic energy |52) . 

2.3. Free fermions and bosonization on complex manifolds. In 

the physics litterature the correspondence between free fermions in the 
plane and an interacting Coulomb gas is usually referred to as the plasma 
analogy (see [28j and references therein) (or rather a one component 
plasma, OCP, in the sense that all charges are equal). This analogy 
is also closely related to the well-known phenomena of bosonization in 
two real dimensions, where a system of free fermions is transformed to a 
system of interacting bosons. For a geometric treatment of bosonization 
on compact Riemann surfaces (which goes far beyond the scope of the 
present paper) see [19]. One of the aims of the present paper is to develop 
a similar plasma analogy (and hence bosonization) in higher dimensions 



on complex manifolds and study the limit when the field strength is scaled 
by a large number k. 

As is well-known the role of the spin 1/2 particles in the plane above is 
in higher dimensions played by sections of the spinor bundle S{X) over 
a spin manifold X (see [4J and [59] for the Euclidian case). More over, 
according to the Yang-Mills gauge principle (with structure group U{1)) 
the role of the magnetic vector potential A is played by a connection on 
an Hermitian line bundle L over X and the field by i times its curvature 
Fa- In particular, when (X, tu) is a complex Hermitian manifold and 
(L, 0) is an Hermitian holomorphic line bundle one obtains complexified 
spinors coupled to the corresponding canonical Chern connection (with 
iFA = dd'^cf)) as 

5(X, L)c = fi°'"''""(X, L) © fi°'°'^'^(X, L) 

where the first component (of spin up) is the space of all (0,g)— forms 
with values in L for q even etc. The role of the Pauli operator is played 
by the Dolbeault Laplacian, which is the square of the Dirac operator 

d + d*''t' 

When L is ample the Kodaira vanishing theorem gives that, for large k, 
the null space of the Dolbeault Laplacian on kL is precisely i^°(X, kL). 
In particular, the ground state of fermions is spin-polarized. A many 
particle state of a maximal number of free fermions is hence given as an 
element of the top exterior power /\^* H^{X, kL). Since this space has 
complex dimension one any of its element may be obtained as a Slater 
determinant of the form 11.81 Hence, the corresponding probability ampli- 
tudes are all given by the probability density [L9l Note also that replacing 
kL with kL + F, where F is a given Hermitian holomorphic line bundle 
amounts, in terms of spin geometry, to changing the spinC— structure [1]. 

Finally, a remark of a rather speculative nature: 

Remark 2.1. By way of comparison with [19] it seems natural to interpret 
an element ifj of the space of all psh weights on L as a scalar boson field 
on X and the functional I(f,[ip] in remark FTTl as an action on this space. It 
would be interesting to try to make sense of the corresponding functional 
integral on the space of all weights on L with minimal singularities, us- 
ing for example some zeta function regularization. This would lead to a 
generalization of the conformal field theory setting in in one complex 
dimension to a "holomorphic field theory" on a complex manifold of ar- 
bitrary dimension. By Legendre duality this problem should be closely 
related to finding a large deviation principle for the random measure 11.61 
(compare remark 13.71 and remark 17. ip . 

3. The pluripotential equilibrium measure 

Let L — * X be a holomorphic line bundle over a compact complex 
manifold X. Given a continuous weight on L the corresponding "equi- 
librium weight" (pe is defined as the envelope 



(3.1) 0e(x) := {P4>){x) := sup {(/.(x) : G C(^x,l), ^ < 4> onX} . 

where Ci^x,l) is the class consisting of all (possibly singular) psh weights 
on L. Then 0e is also in the class C(^x,l) [33] The notation 0e = -P0 
will occasionally be used to indicate that 0e is the image of under the 
psh projection operator P. The Monge-Ampere measure {dd'^(j)e)'^ /n\ is 
well-defined on the open set 

U{L) := {x E X : (pe is bounded on?7(x)}, 

where U (x) is some neighborhood of x (see [H |42l [33] for the definition 
of the Monge-Ampere measure of a locally bounded metric or plurisub- 
harmonic function). The equilibrium measure (associated to the weight 
0) is now defined as 

(3.2) fx^^ := luiDidd'^^eT/nl 

and is hence a positive measure on X. Next, consider the following "inci- 
dence set": 

(3.3) D := {0e = 0} C X, 

As is well-known the equilibrium measure /i^ is supported on D. 

Remark 3.1. If is a closed locally non-pluripolar set of X the equilib- 
rium weight of the weighted set {E, 0) is defined be replacing X with E 
in the definition 13. 1[ It will be denoted by Pe(P and assumed to be upper 
semi-continuous and hence psh. The equilibrium measure of {E, 0) is 
then defined as the Monge-Ampere measure of Pe0 and is supported on 
E. See [12] for the general setup. 

The following regularity theorem obtained in [9] (see Theorem 3.4 and 
Remark 3.6 there) shows that if is class C^'^ on X, than 0e is in the class 
C^'^ on the complement of an analytic subvariety B+(L) (the augmanted 
base locus of L). See [9l [43| for the precise definition of B+(L). Here we 
just point out that B+(L) is a proper subvariety precisely when L is big 
and is empty precisely when L is ample. 

Theorem 3.2. Suppose that L is a big line bundle and that the given 
metric (f) on L is in the class C^'^).Then 

(a) (f)e is in the class C^'^ on X — B+(L). 

(b) The Monge-Ampere measure of 0e on X — B+(L) is absolutely 
continuous with respect to any given volume form and coincides with the 
corresponding U^^ {n,n)—form obtained by a point-wise calculation: 

(3.4) {dd''(f)eT = det(rfrf'=0e)cj„ 

(c) the following identity holds almost everywhere on the set D—M^{L), 
where D = {0e = 0} : 

(3.5) det{dd^(j)e) = det(rfd'=0) 



More precisely, it holds for all points in the complement of the augmented 
base locus B+(L) where the second order jet (0e— 0)*-^-' exists and vanishes, 
i.e. pointwise on 



(3.6) (X-l+(L))n{(0e-0)^'^ = O} 

(d) Hence, the following identity between measures on X holds: 

(3.7) n\fi^^ = lx-M+iL){dd''<P,r = lD{dd'<pr = lonx^idd'^iPr 

Definition 3.3. The set in formula [3^ above is called the bulk (of{X, cj))) 
and its pseudo-interior is the set of all points x such that x has a neigh- 
borhood whose intersection with the complement of the bulk has measure 
zero (w.r.t Un). 

The definition is made so that, in the bulk, the density of the equilib- 
rium measure (w.r.t. a;„) exists and is equal to det{dd'^(j)) and vanishes 
a.e. on the complement of the bulk. The next proposition gives a simple 
sufficient criterion for a point to be in the pseudo-interior of the bulk. 
It applies, for example, to points where fj,^^ has a continuous positive 
density. 

Proposition 3.4. Let x be a point such that x has a neighborhood U 
where the equilibrium measure fi^^is represented by a density which is 
bounded from below by a positive constant and where (f) is in the class C^. 
Then x is in the interior of D f] X{0) and in particular in the pseudo- 
interior of the bulk. 

Proof. Take x in [/ as above. Assume for a contradiction that x is in the 
open set X — D. Then there is a neighborhood of x, contained in X — D, 
where fi^^ > 6ujn as measures. But this contradicts the fact that ficf,^ = 
on X — D [33j. Since, x was an arbitrary point in U this means that 
U is contained in the interior of D, i.e. 0e = on U. By the regularity 
assumption on it follows that {dd'^cpY > point-wise on U. But since 
is psh on D [Ij this forces dd'^cj) > on U. All in all this means that U 
is contained in the interior of Dn X{0), which by definition is contained 
in the pseudo-interior of the bulk. □ 

Remark 3.5. Even in the classical one-dimensional case where {X,L) = 
(P^,C(1)) and is smooth, the equilibrium weight may not have sec- 
ond derivatives at some points. In fact, when is radial this happens 
"generically" [9]. Moreover, there seem to be essentially no general re- 
sults concerning the regularity of the incidence set D or the bulk. It 
would be interesting to find conditions under which the bulk is a domain 
with suitable regularity properties. For example, if X is one-dimensional 
and real-analytic it seems plausible that the bulk is a domain whose 
topological boundary consists of piece-wise real-analytic curves. 



3.1. The free energy functional. Define the following bifunctional on 
the space of weights: 

(3.8) ^[^,^'] := / (^ - ^'){dd'tpy A {dd'^y-^/in + 1)!, 

Then it is known since the work of Aubin, Mabuchi and others, at least 
in the case when ip is smooth, that the diff'erential of £^ at ^ is represented 
by the Monge-Ampere measure of ip, i-e. 

d^i^+J^^^'^ = [ u{dd^^rin\ 
dt t=o Jx 

Following the definition of the energy functional in |12| we define the free 
energy (relative a reference weight 0o) by 

:=^[P0,P0o], 

where we recall that P is the psh projection operator that maps a weight 
to its equilibrium weight defined above. One of the main results of p2] 
then says that J^oo[4>] is a primitive of the equilibrium measure, i.e. if u 
is continuous then 

/q dJ^o^[(j) + tu] f 

(3.9) = / ufi^^ 

dt t=o Jx 

Next, we will consider second derivatives, as well. Fix a family 0^ of 
weights on L where t G A (the unit-disc in C) which will be assumed 
to be locally C^'^— smooth in the n + 1 complex variables {z,t). Such a 
family 0t will simply be a C^'^— family. Equivalently, the family 0t of 
weights on L — X may be identified with a C^'^— smooth weight $ on 
the pulled-back line bundle over Ax X under the projection onto X. We 
will identify t with the projection onto A. 

Proposition 3.6. Let (pt be a curve of weights as above with 0o = 
such that ^(j)t is, for each fixed t, supported in the union of the pseudo- 
interior of the bulk and X — D. Then the following holds for \t\ small: 
■^P{(f)t) = -§^(f)t in the bulk and -^P{(f)t) = in X — D. Moreover, 

(3.10) dtd'iJ^^[(l)t] = t,(rfrf^$)"+V(^ + 1)! 

if -^(pt is supported in the pseudo-interior of the bulk, for each fixed t. 

Proof. We will denote by B the pseudo-interior of the bulk. Denote by 
E a ("small") compact set containing the support of -^(pt in X for small 
t. Let us first show that P(pt = (pt in the bulk, i.e. B. To this end let ipt 
be the weight on L defined as 0t on fl i? and as Pep on X — E ^ B. 
Then ipt is continuous since it coincides with (pt on some neighborhood U 
of E. In particular, ipt is psh on U for t small (since dd'^cpo has a positive 
lower bound in the sense of currents there). But then ipt is psh on all of 
X (since Pep is). Moreover, by construction ipt < (pt on X. Hence, the 
extremal definition of Pcpt gives Pcpt > ipt, forcing Pcpt = (pt in B as was 
to be shown. 



Next, we will show that Pcpt = P4>o in X — D. It is enough to prove this 
on any fixed compact subset K in X — D. By assumption Pcpo < 0o on D, 
forcing PcpQ < (pt on K for t sufficiently small. Hence, P0o < P(t>t by the 
extremal definition of P0f. Finally, by the continuity of the operator P 
[T2] we also have P0i < (pQ on K so that Pcpt < P0o- Hence, P0o = 
on K as was to be shown. 

Finally, since, as shown above Pcpt = (pt on D and Pcpt < (pt (by 
continuity) on X — D it follows that Dt = D. Formula ?? then follows 
by differentiating the right hand side in formula [3^ 



dtdi 



ti{dd'P{(j)tT/n\ - ^d(F^ A {d(rP{(t)t)T~^l{ 



n - 1)! 



dtdV '"^'^ ' ' dt dt 

Since by assumption Pcpt := 0t an the support of ^ a partial integration 
in the second term above finally proves 13.111 □ 

In particular, if 0f = + (Ret)M, and where u is supported in the 
pseudo-interior of the bulk, then we get 

(3.11) = - WduU., 

On the other hand, as shown in [l2] there are examples where the second 
derivatives above do not exist, due to the fact that u is not supported in 
the interior of the bulk (or the complement of D). 



Remark 3.7. As shown in [T2| the equilibrium weight 0e can also, up to 
an additive constant, be charactarized as the weight which realizes the 
infimum of the following funtional on the space of weights on L with 
minimal singularities: 

(3.12) /^[^] :=£:[^,0] + j MA(^)(0-^) 

where the infinum is hence equal to := £^[0e, 0]- More generally, fixing 
a reference weight 0o the the equilibrium weight 0e realizes the infimum 
of 

J^,<^J^] :=^[^,0o] + j MA(V^)(0-V^) 

since the functionals only differ by the constant ^[0O) 4>\ - The equilibrium 
measure is hence the Monge-Ampere measure of any minimizer of any 
of the previous functionals. For possible future applications to large 
deviations it is convenient to reformulate the previous extremal problem 
in terms of measures /x satifying /^/i = Vol(L), which we assume equals 
one (otherwise we just rescale the functionals). To this end assume for 
simplicity that L is ample. Then, by the work of Guedj-Zeriahi [34], 
there is a certain class £i{X) of measures ii such that the Monge-Ampere 
equation 

MAii)) = fx 



can be solved uniquely modulo constants and such that the solution is in 
the dual class £^^(X). ^Moreover, the functional is well-defined (and 
finite) on £^{X). Denote any such solution by V^^. Since, the functional 
is invariant under ip ^ ip + c this means that, using the work of 
Guedj-Zeriahi 



is a well-defined functional on £i{X). Now, if is, say smooth, then 
MA(0e)(= /i^J is in £i{X) and hence the infimum of 13.131 is attained at 
the corresponding equilibrium measure ii^^ and only there. In the light 
of the usual thermodynimical formalism it seems natural to also define 
the entropy functional on Si{X) : 



w.r.t. a reference psh weight 0o- The point is that S'[/i] is then the 
Legendre transform of the free energy functional J^^j^g [^] . 



In this section we will generalize, by refining the results in [9], some 
well-known estimates for the 9— operator concerning psh weights to more 
general weights. More precisely, we will assume that is a locally 
C^'^-smooth weight on the line bundle L over X. When (X, L) = (P", 
we also allow weights corresponding to a weight function (j){z) in with 
super logarithm growth (see section [2|). But for simplicity we do not con- 
sider the latter situation in the proofs. The simple modifications needed 
follow precisely as in the appendix in [8j. 

We will denote by Kx the canonical line bundle of L, whose smooth 
sections are (0, n)— forms on X. As a consequence a weight on L induces, 
even without choosing a volume form Un on X, an L^— norm on sections 
u of L + Kx that we will write as 



In the statement of the following theorem, we will use the fact that dd'^(j) 
defines a positive form with locally bounded coefficients in the bulk (by 
the very definition of the bulk). 

Theorem 4.1. Let L be a big line bundle and (p a C^'^— smooth weight. 
Then for any d— closed (0,1)— form g with values inL+Kx and supported 
in the pseudo-interior of the bulk, there is a smooth section u with values 
in L + Kx such that 



(3.13) 




4. Weighted L^-estimates for d 




du = g 



^The class S^{X) consists of psh weights on L with gradient in Lf^^{X) and a 
measure ^ is in Si{X) iff all elements in ^'^{X) are locally integrable w.r.t /z. 



and 

(4.1) / \u\'e-^< [ \9\l,.^e-f. 

J X J X 

In particular, the previous estimate holds for any u such that u is orthog- 
onal to H^{X, L + Kx) (w.r.t the weight 0). 

Proof. Let if) denote a general psh weight on L. By theorem 5.1 in [25] 
the theorem holds with (j) replaced by a (possibly singular) psh weight 
ij] if dd'^cf) is replaced with the absolutely continuous part {dd^ip)c of the 
Lebesgue decomposition of the positive form dd'^ip. More precisely, 

(4.2) 

as long as the r.h.s is finite. Now set ip = (pe, the equilibrium weight 
corresponding to (j). Since g is supposed to be supported in the bulk, the 
regularity Theorem 13.21 gives 

and since g is, in fact, supposed to be supported in the pseudo-interior 
of the bulk the latter integral is finite. Finally, using that 0e < on all 
of X finishes the proof of the estimate 14. 1[ The last statement of the 
theorem now follows since the estimate 14.11 in particular holds for the 
solution which minimizes the corresponding L^— norm. □ 

The previous theorem is a generalization to non-psh weights (j) of the 
fundamental result of Hormander-Kodaira. In turn, the next theorem is 
a generalization to non-psh weights of a refinement of the Hormander- 
Kodaira estimate which goes back to a twisting trick in the work of 
Donelly-Fefferman. See [2ll [H] for an analogous result concerning psh 
weights in C". 

Theorem 4.2. Let L be a big line bundle, a C^'^— smooth weight on L 
and V a smooth function on E such that dv is supported in the interior 
of the bulk of (X, 0) and 



there. Then 



(i) \dv\l^^^ < 1/8 {ii) dd% > -rfc/^0/2 



X "A' ''^''^ 



for any smooth section u of L + Kx orthogonal to the space H^{L + Kx)^ 
w.r.t the weight 0, and such that du is supported in the pseudo-interior 
of the bulk of (X, 0) 

Proof. By assumption 

(m,/i)^ = 0, \/heH\X,L + Kx). 

Equivalently, writing := ue"", 

(4.3) =0, yheH\X,L + Kx). 



By Leibniz rule 

(4.4) du^ = (du + dvu)e\ 

which by assumption is supported in the bulk of (X, 0). Hence, applying 
the estimate 14.21 in the proof of the previous theorem to ip = (pe + v gives, 
since by assumption ii (0e + is a psh weight 

for some solution of the corresponding 5— equation and hence for 
as in formula His] (we are also using that du and dv are supported in the 
bulk of (X, 0) to replace 0e with in the r.h.s). Using 0e < 0, 14.41 and 
the "parallelogram law" then gives 

Finally, by assumption (z) in the theorem the term in the r.h.s involving 
dvu may be absorbed in the l.h.s. □ 

Corollary 4.3. Let L he a big line bundle and let k(f)+(j)F be a C^'^ — smooth 
weight on and Un a fixed volume form on X. Let E be a given compact 
subset of the interior of the bulk. Then there is a constant C (depend- 
ing on E and F) such that the following holds. If ipk is a sequence of 
functions such that difj^ is supported in the interior of the hulk of (X, 0) 
and 



(^) \^MldcA. ^ VC (ii) dd'^k < Vkdd'(f)/C 



Then 



l^kifk) - /fc||L+<ip+v/fcw,i, < C- \\dfk 



\k4>+(f>p+VkiPk — \\^-'''\\k(i>+(i}p+VktPk ' 
for any sequence fk of smooth sections of kL, where Uk is the Bergman 
projection with respect to k(f) (formula \5.1\ and below). Moreover, given a 
fixed smooth weight (ppo on F and a constant C the constant C may be 
taken to be independent on the weight (pp on F as long as\\d'^{(j)F — 4>Fo)\\oa — 
C for all multiindices a of total degree at most two. 

Proof. Replacing L with kL + F — Kx, with k(f) + (pp and v with a/^^'A: 
the corollary follows from the previous theorem using standard properties 
of orthogonal projections. □ 

Proposition 4.4. The following local estimate holds for all u which are 
— smooth: 

(4.5) sup \u{z)\\-^'^^'^ KCnk^'i [ {\uf+]-\du\\-'''^uJn) 

Proof. This is a generalization of the uniformity statement in lemma 
15. 3[ It is proved in essentially the same way, by replacing the mean 
value property of holomorphic functions used to prove lemma EH] by the 
general Cauchy formula for a smooth function u. It is also a consequence 



of Garding's inequality - see (the proof of) lemma 3.1 in [5] for a more 
general inequality. □ 



5. ASYMPTOTICS FOR BERGMAN KERNELS AND CORRELATIONS 

5.1. Bergman kernels. Recall that TC{X,L) denotes the Hilbert space 
obtained by equipping the vector space H^{X, L) with the inner product 
corresponding to the norm () induced by the weighted measure (0, ci;„). 
Let (sj) be an orthonormal base for Ti.{X, L). The Bergman kernel of the 
Hilbert space 7i(X, L) may be defined as the holomorphic section 

(5.1) Kk{x, y) = Si{x) (g) Sjjy). 

i 

of the pulled back line bundle LKIL over XxX. To see that is independent 
of the choice of base (s/) one notes that K/. represents the integral kernel 
of the orthogonal projection 11^ from the space of all smooth sections 
with values in L onto ?i(X, L). 

The restriction of to the diagonal is a section oi L ® L. Hence, its 
point wise norm \Kk{x^x)\^{= \Kk{x^x)\e~'^'^^^^) defines a well-defined 
function on X that will be denoted by p^^^ (and later identified with the 
one point correlation function): 

(5.2) P^'\x):=Y.\'r{x)\l,. 

i 

It has the following well-known extremal property: 

(5.3) p«(a;):=sup{|s(x)|5: s G 7^(X, L), < l} 

Moreover, integrating 15.21 shows that \Kk{x^x)\^ is a "dimensional den- 
sity" of the space 7^(X, L) : 

(5.4) / P^^Kx)uOn = dimn{X, L) := 

In section 16.11 we will consider a function on the A^— fold product X^ 
that may, abusing notation slightly, be written as 

(5.5) p(^)(xi,...,a;iv) = det (ir(x„ x,)e~^('^("')+'^("^))). 

To clarify the notation denote by LP^ the pulled-back line bundle on X^ 
with the weight induced by the weight on L. Then the base S = (sj) 
in H'^{X,L) induces an element det(S') in H^(X^ , L^^) whose value at 
{xi, ...,xj\f) is defined as the determinant 

det(S')(xi, .a;Ar) := det {si{xi))ij e L^^ ^ ■ ■ ■ L^^m- 

l<i,j<N 

In particular, its point-wise norm is a function on X^ which according 
to the following lemma may be locally written in the form 15.51 The 
lemma also shows that after division by A^! this function defines the 
density of a probability measure on X^ . Its proof is based on the following 



"integrating out" property of the Bergman kernel which is a direct 
consequence of the fact that is a projection kernel: 

(5.6) \K{x,x)\^ = I \K{x,y)\l^n{y) 

Lemma 5.1. The following identities hold point-wise: 

det (ir(x„x,-)e-^('^(^')+'^(^^))) = \det{S){xi,.XN)\l. 

l<i,j<N ^ 

Integrating gives 

|det(^)(xi,.a;^)l5^r = ^!- 

XN 

Proof. The identities are formal consequences of the identity 15.61 as is 
well-known in the random matrix literature. See for example [22]. □ 

5.2. Scaling asymptotics of Kk{x,y) in the bulk. In this section 
we fix a continuous metric u on X. Given a point x in X we can take 
"normal" local coordinates z centered at x and a "normal" trivialization 
of L, i.e such that 

n 

(5.7) = ^"^dzi AdFi + o(l) (f){0) = d(j){0) = 

i=l 

Moreover, if the second partial derivatives of exist at x then we may 
assume 

n 

{dd^cfyx = — / \dzi A dzi 

i=l 

Hence, the A, are the eigenvalues of the curvature form dd'^cj) at x w.r.t 
the metric u and we denote the corresponding diagonal matrix by A. 

For proofs of the following elementary local consequences of the regu- 
larity properties of and 0e see [8]. 

Lemma 5.2. Given a point x in X and "normal" local coordinates z 
centered at x and a "normal" trivialization of L the following holds: 

(5.8) |0(z)| <C|z|\ 

C can be taken to be independent of the center x on any given compact 
subset of X. Moreover, if the second partial derivatives of (p exist at z = 
(the exceptional set has measure zero) then for any e > 0, there is a 6 > 
such that 



(5.9) i\z\<5 



n 1 

i=l 



^ I |2 

< e \z\ 



and for any fixed positive number R the following uniform convergence 
holds when k tends to infinity 



(5.10) sup 

\^\<R 



0, 



i=l 

Finally, if the center x is in the bulk, then for any e > 0, there is a 5 > 
such that 

(5.11) (m) \z\ < 6 ^ \(f)e{z) - (p{z)\ < e\zf 

The next lemma only uses local properties of holomorphic functions and 
was called local holomorphic Morse inequalities in See [_8j for the 
proof when the weight is merely C^'^— smooth. 

Lemma 5.3. Fix a center x in X where the second derivatives of the 
weight exist and normal coordinates z centered at x. Then 
limsupA;~>i^^(;z/A;^/2) < det(rfrf'=0)(x). 

Moreover, ij \z\ <R then the l.h.s. above is uniformly bounded by a 
constant Cr which is independent of the center x. 

Now we can prove the following lower bound on the 1-point correlation 
function in the bulk, which is a refinement of Lemma 4.4 in [9j: 

Lemma 5.4. Fix a center x in the bulk and normal coordinates z centered 
at X. Then 

liminf A;->^^^(z/A;i/2) > det {dd'(j)){x) 

k ui 

Proof. Stepl: construction of a smooth extremal 0"^. Fix a center Xq in 
the bulk. First note that there is a smooth section with values in 
kL + F such that 
(5.12) 

To see this first take normal trivializations of L and F and normal co- 
ordinates z centered at Xq. Next, by scaling the coordinates z we can 
assume that 



n ^ . n 

Y^Zi A dzi, {dd''(j))^o = — ^dzi A dzi 



1=1 1=1 
Fix a smooth function x which is equal to one when \z\ < 6/2 and 
supported where \z\ < 6; the number 6 will be assumed to be sufficiently 
small later on. Now ak is simply obtained as the local section with values 
in represented by the function 

close to Xq and extended by zero to all of X. To see that (i) holds note 
first consider the nominator: 



when k tends to infinity, using IS.lOi Next, write the the integrand in 
in the form 

x(^)'A;"e-^(|"-"°/^l'+('^(")"l"l'))((det A)"^ + o(l)) 

and decompose the region of integration according to the following de- 
composition of the radial values: 

(5.13) [0, 6] = [0, R/Vk] |J[i?/v^, 6], 

where i? is a fixed large number. In the first region, we have by 15.101 

sup \k{(j){z) — \zf) \ 

\z\<R/Vk 

Hence, performing the change of variables z = z' / y/k gives 



lim fc" II cTfe I 



(det A) 



-1 



[o,R] 



As fort the second region in 15.131 we have 
(5.14) 

for R sufficiently large. Indeed, by 15.91 



\'-J2dz:AdzT/n\ 



4 = 1 



z-zo/Vk + {(f){z) - \zf) >^\zf 



\z\<S^ |(0(^) - \zf)\ < 1 \z\\ 



2 


1 , , 


> 









Moreover, 

z — zo/ Vk 
for all k, if R is sufficiently large. Hence, 

\\n, 11^ ^ < Un -k^\zf n 

J[R/Vk,8] 

since it is the "tail" of a convergent (Gaussian) integral (using the change 
of variables z = z! j \/k again). Finally, letting first k and then R tend to 
infinity finishes the proof of [i) in l5.12[ 

Next, to prove {ii) in 15.121 first note that 
(5.15) 

ll5o-i.||^ <C'! ^~k{\z-zo/Vk\\(<t>{z)-\z\-')+4,,(z)-<t,{z)))^ ^Q-. 

JS/2<\z\<S 

as follows from the definition of x- Now take 6 so that, using [5^91 and 15. 111 



(5.16) \z\<6^ (j){z) + {(j)e{z) - (j){z)) > \zf /4 

for 6 sufficiently small. Combining l5.14l and l5.16l shows that the exponent 
in 15.151 is at most— \ zf which proves {ii) in I5.12[ 

Step2: perturbation of to a holomorphic extremal a^. 

This step is just a repetition (word for word) of the corresponding step 
in the proof of lemma 4.4 in [9]. For completeness we recall it briefiy 



here. Equip kL + F with a "strictly positively curved modification" ipk 
of the metric kcpe + 4>f furnished by lemma ?? in Let gk = dak and 
let ttfc be the following holomorphic section 

ttfc := o-fc - Uk, 

where Uk is the solution of the (9-equation in the Hormander-Kodaira 
theorem 14.11 with gk = dak- Using properties of 0e on then obtains the 
estimate 

(5-17) \Wk\\k^+^p < C'll^fcll;^^^^^^^ 

and then (ii) in 15.121 in the right hand side gives 

(«) il^.ll.<^+,, < Ce-'/^, (b) \uk\l^^,^ (x) < C'k-e-'^/^', 

where (6) is a consequence of (a) and the local holomorphic Morse in- 
equalities ?? applied to Uk at z = 0. Combining (a) and (6) with (i) in 
15.121 then proves that (i) in 15.121 holds with cxfc replaced by the holomor- 
phic section ak- By the definition of p[.^^ this finishes the proof of the 
lemma. □ 

Before turning to the proof of Theorem [Hi] we also recall the following 
uniform estimate (which follows from lemma 15.31 precisely as in lemma 
5.2 (i) in [7J): 

Lemma 5.5. Fix a center x in X and normal coordinates z and w cen- 
tered at X with z, w contained in a fixed compact set. Then 

k'--\Kk{z/k^'\w/k^'-))\l^^^^<C 

for some constant independent of the center x in X. 

5.2.1. Proof of Theorem Fix a point xq in X and take coordinates 
z and w centered at x and normal trivializations of L and F as in 
the proof of the previous lemma, inducing corresponding trivializations 
around (x, x) in X x X. Consider the holomorphic functions fk{z,w) = 
k~'^Kk{k^^^'^z,k~^^'^w) and f{z,w) = detuj{dd''(j)){xo)e^'" on the polydisc 
on An of radius R centered at the origin in C^". By lemma ISTSl 

(5.18) sup \fk\ < Cr, 

Moreover, combining the upper and lower bounds in lemma 15.31 and 
lemmaEm respectively, shows that fk tends to f on M := {{z, z) G Ar}. 
Now, by the bound 15.181 fk has a convergent subsequence converging uni- 
formly on Ar to a holomorphic function f^o where necessarily /oo = / on 
M. But since M is a maximally totally real submanifold it follows that 
/oo = / everywhere on Ar. Since, the argument can be repeated for any 
subsequence of fk this proves the uniform convergence in the theorem. 
Finally, the convergence of higher derivatives is a standard consequence 
of Cauchy estimates. 



Remark 5.6. In fact, Theorem 11.11 also follows in a more or less formal 
way (using the method in ref ) from combining Lemma 15.31 with the the 
special case of Lemma 15^41 obtained by setting z = (which was obtained 
in [9]). But the present method is more explicit and hence gives a better 
control on the convergence, which might be useful in other contexts. 

5.3. Off-diagonal decay of Kk{x,y). 

Theorem 5.7. Let L be a big line bundle and the Bergman kernel of 
the Hilbert space H{kL + F). Let E be a compact subset of the interior 
of the bulk. Then there is a constant C ( depending on E) such that the 
following estimate holds for all pairs (x, y) such that either x or y is in 
E ■ 

A:-^"|ir,(x,y)|^,^,^^^<Ce-v^'^(^'^)/^ 

for all k, where d{x, y) is the distance function with respect to a fixed 
smooth metric u) on X. Moreover, given a fixed smooth weight (ppg on F 
and a constant C the constant C may be taken to be independent on the 
weight (pp on F as long as \\d^{4'F — 4'Fq)\\^ < C*' for all multiindices a 
of total degree at most two. 

Proof. Fix a point a; in X and take an element in Tik such that 

(5.19) kfcl'e-'^* = |irfc(x,-)|'e-'='^(")e-'='^(-) 

Next, fix a point y in the set E appearing in the formulation of the 
theorem and "normal" local coordinates z centered at y and a "nor- 
mal" trivialization of L (see the beginning of the section). In particular, 
0(0) = 90(0) = 0. Identify Sk with a local holomorphic function in the 
variable. By the mean value property of holomorphic functions 

Sfe(O) = j XkSk, 

where Xk = Cnk'^x{^/kz) has unit mass and is expressed in terms of 
a radial smooth function x supported on the unit-ball (so that Xk is 
supported on the scaled unit ball of radius l/y/k). Writing Xk<i, '■= Xk^^^^^'' 
the relation [5.191 gives. 

\Sk\k4>{y)= (Xk^^^k)k4, = \^k{Xk,l>){x)\j^^{x) 

using the definition of Sk in the last equality. Decomposing Ilk{xk<i>) = 
Xk<p + (nfc(xfc<^) - Xk^) and applying Theorem [121 combined with propo- 
sition 14.41 now yields the following estimate 

(5.20) \sk\k^^^.^^ {y) < \Xk^\k^^^^^ (x) + CA;("-i)/2 \\dxk4 kc^+Vk^, 

for any function ipk satisfying the assumptions in Theorem 14. 2[ The idea 
now is take ipk to be comparable to the distance to x. In the following 
we will denote by i? a sufficiently large (but fixed constant). 

Case 1: d{x,y) > 1/R. Set ipk = for a fixed smooth function ip 
on X such that ?/'(■) = 1/R when d{x,-) > l/(2i?) and ?/'(•) = for 
when d{x, ■) < 1/(4_R). For R >> 1 (but fixed) the assumptions on ipk in 



Theorem 14.21 are clearly satisfied (using that y is in the pseudo-interior 
of the bulk). Hence, the estimate 15.201 gives 



using that ip = on the support of Xk<i> and that |fc9</)| is uniformly 
bounded there (since dcp is assumed to be Lipschitz continuous and van- 
ishing when z = 0). Since by definition is related to by the relation 
15.191 this proves the theorem in this case. 

Case 2: d{x,y) < 1/R. In this case we may assume that x is con- 
tained in the fixed coordinate neighborhood of y. By a translation of the 
coordinates z we now assume that they are centered at x. Set 



where k corresponds to a smooth function on X which is equal to one on 
the "ball" {c?(,y) < 2/C} and is supported in the set E. Accepting for 
for the moment that the assumptions on ifjk in Theorem 14.21 are satisfied, 
the inequality 15.201 gives (with z ^ y) 

using that ^Jk'tp^^ > ^/k/\/k on the support of Xk(p in the first inequality. 
In particular, 



\Sk 



\l{z)<C'e-e-^'\^\ 



which proves the theorem, since the distance function d{-,y) is compara- 
ble, close to y, with the distance function induced by the local Euclidean 
metric. 

Finally, let us check that the assumptions on ipk in Theorem 14.21 are 
indeed satisfied. Differentiating gives 

(5.21) d^k = ^(dK-{\zf + l/ky/^-K- ^"^^ 



Hence, 
(5.22) 



R" " ' ' ' 2{\z\' + i/ky/^ 



\diJk\ < ^iC' + C"Vk...] 



SO that (i) in Theorem 14.21 holds for R >> 1. Next, note that fk ■ = 
{\zf + l/fc)^/^ is a psh function. Hence, formula 15.211 combined with 
Leibniz rule gives 

dd^k > ddK ■ fk + dnA dfk + dK A dfk 

and l5.22l (which clearly also holds when ipk is replaced by fk) then shows 
that assumption (ii) in Theorem 14.21 holds, as well (even without taking 
R large). □ 



5.4. Fluctuations. 

Theorem 5.8. Let L be a big line bundle and Kk the Bergman kernel of 
kL + F). Let u be a C^— function supported in the interior of the 
bulk. Then 



XxX 



A:-("-^) \K,{x,y)\l^^^^ {u{x) - u{y)f \\du\\l,. 



when k tends to infinity. Moreover, if (pr satisfies the assumptions in the 
previous theorem, then the left hand side above is uniformly bounded by 
a constant independent of (pp- 

Proof. Denote by E the support of u which by assumption is in the bulk. 
First note that the integrand vanishes if both x and y are in X — E. We 
rewrite the integral above as follows: 

24:= / \k'/\u{y)-u{x))\h~^'\Kk{x,y)\\-''^^^^e-''^^^^Un{x)Au 

JexXUXxE 

Decompose the integral above as A^ ji + B^ ji + r according to the 
following three regions: 

First region (1 < d{x,y)): By symmetry we may assume that x E E. 
But then ?? shows that Ak tends to zero only using that u is bounded. 

Second region (Rk^^^"^ < d(x,y) < 1) : Again, by symmetry we may 
assume that x & E. Since u is Lipschitz continuous \u{y) — u{x)\ < 
Cd{x,y). Hence, by Theorem 15.71 



Bk,R < C 



Vkd{x, y) re-^'^(^'^)/^cu„(x) A Un{y). 



Performing a change of variables (with y fixed) then gives 
(5.23) Ik<C f if \Cfe-^^^dC..)cUn{x) ^ 0, 

Jx J 2Vk>\(;\>R/2 

when first k and then R tends to infinity. □ 

Third region {d(x,y) < Rk'^f^) : Upon removing a set of measure 
zero we may assume that x is in the bulk (since is a compact set 
in the pseudo-interior of the bulk). Take "normal coordinates" z and 
trivializations of L and F centered at x. Then the integral over {x} x Y 
may be written as 
(5.24) 

\k^'\u{k'^/^z) - m(0))|' |irfc(0, z)\^ e-'='^(^)e-'='^(^)cu„(0) 

\A<R 

where we have also performed the change of variables z k~^/'^z in the 
integral. By the scaling asymptotics ?? this integral in turn equals 



det A 



\A<R 



—u{0)z, + k-'/'O{\zf 



(^)V<^-)rf.... + o(l). 



Observe that 
.det A 



|2|<R 



_d_ 

dz, 



u{<d)z, + k-^''^0{\z\ 



,det A 



TT' 



,det A. 



TT'' 



d_ 

dzi 



n(0) 



when first and then R tend to infinity, where 

d_ 
Jt 

Hence, since by lemma 15.51 the integrand in 15.241 is uniformly bounded 
(on X X X) the dominated convergence theorem now gives 



poo 1 pc 



lim lim Ck,R 



' \du\l,,.^^{dd'^4>r/n\ 



The total contribution: Finally, let first k tend to infinity (while the 
parameter R is kept fixed) and then R tend to infinity. Then we get 

lim h := lim lim {Ak,R + Bk,R + Ck,R) =0 + 0+ 



\du\U^^))idd'(f)y 



X 



To prove the last statement of the theorem consider the total contribution 
from the second and third region, i.e. the set where e d{x,y) < 1. By the 
uniformity obtained from the last statement in Theorem [521 the following 
bound on this contribution holds: 

Bk,R + Ck,R <C [ Vkd{x, y) ' re-^'^(^'^)/^a;„(a;) A Un{y). 

Jo<{d{x,y)<l 

But a slight modification of the argument used above in the second region 
shows that the latter integral is uniformly bounded. This finishes the 
proof of the theorem. 



6. ASYMPTOTICS FOR LINEAR STATISTICS 

Let us first recall the setup in section [5l A line bundle L — X and a 
pair (0, Un) induces a Hilbert space ?i(X, L) of dimension N with asso- 
ciated Bergman kernel K{x,y). Recall also that, in general, a subindex k 
on an object indicates that it is defined with respect to {kL, kcp). Hence, 
we will set A; = 1 in the following definitions. 

We define the associated ensemble (X^,7) by letting 7 be the proba- 
bility measure with the following density: 

P(a;i,...,x^) := ^ det(ir(x„ x,)e-^('^(^')+'^(^^-«). 

By lemma 15.11 this is indeed a well-defined probability measure. Note 
that the ensemble is symmetric in the sense that V{xi, ■■.,xn) is invariant 
under permutations of the components Xj. 



6.1. Correlation functions. Next, we recall a general formalism of cor- 
relation functions. But it should be pointed out that in the present paper 
we will mainly consider the correlation functions in formula 16.11 below, 
that the reader could also take as definitions. 

For a general symmetric ensemble (X^,7) the m— point correlation 
measures on X"^ may be defined as A^!/(A^ — m)! times the pushforward 
of 7 to X"^ under the projection (xi, ...Xjy) H-i> (xi, x^)- The m— point 
correlation functions p^"^^ on X"^ are then defined as the corresponding 
densities. As is well-known [221, EH] the fact that the kernel K represents 
an orthogonal projection operators leads to the following quite remark- 
able identities in the present context: 

l<i,j<m 

A crucial role in the present paper is played by the so called connected 
2— point correlation function p^^)'^ which may be defined by 

Hence, p^^^ and p*^^^'^ may be simply expressed as 

(6.1) pW(x) = |ir(x,x)|^, p(^)-(x,y) = -|ir(x,y)|J. 

Remark 6.1. The present setup is essentially a special case of the general 
formalism of determinantal random point processes [60l [38l HO]. It falls 
into the class of such processes where the correlation kernel is the integral 
kernel of an orthogonal projection operator. 

6.2. Linear statistics. A given (measurable) function u on {X,u!n) in- 
duces the following random variable Af[u] on (X^, dV) : 

Af[u]{xi, ...,xn) ■= u{xi) + .... + u{xn). 

Hence, if u is the characteristic function of a set Q in X, then A/'[m](xi, x„) 
simply counts the number of Xi contained in Q. However, we will mainly 
consider the situation when u is C^— smooth. For a given random variable 
X we will write its fluctuation as the random variable 

X := X -E{X), 

so that K{X) = 0. Recall that the variance of a random variable X is 
defined as 

Var(A') := E{{Xy) 

The following essentially well-known lemma relates the Laplace trans- 
form of the law of J\f[u] to a Gram-Determinant. 

Lemma 6.2. Let (si) be an orthonormalbase for H^{X, L) w.r.t. (0, c<j„). 
Then 

E(e-^M) = det . 



Proof. When u = this is just a reformulation of the integral formula in 
lemma Ism The general case then follows by expressing the base (sj) in 
terms of a ON-base w.r.t (0 + tu, Un) and using a simple transformation 
property of the corresponding determinants. □ 

The following lemma is also essentially well-known. For a proof in the 
present context ones can use the previous lemma and results in the first 
reference in|T3]. 

Lemma 6.3. The following formulas for the expectation and variance of 
Afk[u] hold: 

and 

(n) Var^+tumu])) = ^logE^+i„(e-*-^M) = 

1 



, \K^+tuix,y)\^^^^ {u{x) - u{y)) Unix) A Uniy) 

^ JxxX 

Proposition 6.4. Suppose that u is a bounded function on X and {(f),fi) 
is a general weighted measure. Then 

(i) Varkmu])) = 0{k^) 
Moreover, if (0, uJn) is strongly regular and u continuous, then 

{ii) Vark{M[u]))=o{k''). 
Proof. By {ii) in lemma [631 

Varfc(A/'[M])) = ^ / \Kk{x,y)\l^{u{x) - u{y))'^ujn{x) ^uJn{y) 

^ J XxX 

The first item of the proposition follows immediately, since u is assumed 
bounded, from combining 15 . 61 and 15.41 and using that Nk = 0{k"-) for any 
line bundle L. The second item follows from [9] where it is shown that 

k~''\Kkix,y)\l^f{x)g{y)uJn{x) Auniy) ^ / fgf^^,, 

Jx 

for any continuous functions /, g. □ 

6.3. A law of large numbers (proof of Thm[lT4j). By (i) in Lemma 
16.31 and one of the main results in [13j: 

Efc(fc~"A/'[M]) = / \Kk\k^UUJn-^ / 

Jx Jx 
Moreover, by (i) in the previous proposition 

Yavk{k-''Ar[u])) = oik-"") 0. 

Hence, the theorem follows directly from Chebishevs inequality, just like 
in the usual proof of the classical weak law of large numbers. 



6.4. A central limit theorem (proof of Thm [TTSl ). 



Proof. Let Tkit) := - logEfc(e-*'^ ^'/^A/'^M). By (i) in LemmaO 

(6.2) = k-(-'y'E,{Af,) = 0, 

at t=o 

using the definition of A4 in the last equality. Moreover, by {ii) in Lemma 
ES 



dH 2 J^^^^^^'^^+'^'^^-^^^^^knth, 

where hk = u — Ck with Ck = Efc(A4)- Next, note that the map tp ^ 
\K^{x,y)\^ is clearly invariant under ip ^ ip + c for any constant c. 
Hence, we get 

d Tk{t) _ 1 f \Kk^^tuix,y)\l^^^^{u{x) -u{y)Y 



dH 2 



XxX 



Applying Theorem 15.81 to kL + F where F is the trivial holomorphic 
line bundle equipped with the weight k~^^~^^^'^tu (taking for example 
0Fo = 0) gives 

hm = — aw Ljcj, 

for all t. Using that J^kit) is concave with a uniform bound on the sec- 
ond derivatives (by the uniformity in Theorem 15.81) and 16.21 the theorem 
now follows by integrating over t and using the dominated convergence 
theorem. □ 

6.4.1. Proof of the corollary. Item (i) follows immediately from the pre- 
ceding theorem by evaluating the convergence of the second derivatives at 
t = and using lemma lOl To prove item (ii) set Uk := k^^'^^^^/'^J\fk[u\^{'jk) 
which gives a sequence of probability measures on M, obtained by push- 
ing forward the probability measure 7^. In the notation of the previous 
theorem: 

fk{t) = {uk,e-'^-^) 
which gives a well-defined holomorphic function for all t in C with 

\fk{t)\<CK{l^k,l)=C 

for all t G C such that \t\ < R. But by the proof of the preceding theorem 
fk{t) — ^ f{t), where f{t) is an entire function, on the maximally totally 
real set M in C Hence, the same normal families argument as below 
formula [5.181 shows that uniform convergence actually holds on compacts 
of C (even for all derivatives) . Setting t = with ,^ e R in particular 
gives that the Fourier transforms converges uniformly om compacts 
in towards u, where 9 (and hence z/) is a centered Gaussian. But as 
is well-known this latter fact is equivalent to the stated convergence in 
distribution. 



7. Free energy and phase transitions 



Fix a weakly regular weighted measure (00, t^n) and write Sk for a fixed 
ordered base in the corresponding Hilbert space H^{X, kL). Recall from 
section [5] that this gives rise to an element det(5'jt) in if°(X^*=, (fcL)^^*). 
The free energy of the weight k(j) (relative A;0o) is now defined as 

:=-log(||det5,K^) 

Note that if (p = (po + u Lemma 16^21 gives that 

(7.1) :=-logEfc^„(e~^^M) 

Fix a C^'^— family of weight (pt as in section ISTTl where t is in the unit-disc 
and write J-'k(t) := J^[k(pt]- 

7.1. Convergence of first derivatives (proof of Theorem 11.1.31) . 

A simple modification of [i) in lemma IQl with u := ^^^g gives 

ot t=0 Jx 

where we have used a consequence of Theorem 11.41 in the last step. But 
by formula 13.91 the right hand side is precisely equal to ^'^g/'^*^ and 
since by definition J-'k{0) = J-'oo(O) = this finishes the proof of the 
theorem. 

7.2. Convergence of second derivatives (proof of Theorem 11.71) . 

Combining Theorem 15.81 and a simple modification of Lemma 16.31 now 
gives with u := ^^^q 

where the first term by Theorem 11.41 equals j.^^^^_^{dd'^(pY /n\. But 

by proposition 13.61 the right hand side in 17.21 is then precisely ^ dtsP t=o' 
which finishes the proof. 

Remark 7.1. The convergence of the free energy, expressed in formula f7.ll 
may also be also formulated in terms of the theory of large deviations 
(see [35] and references therein) as follows. Denote by Vi^X) the space of 
all probability measures on X. Then the law of the normalized random 
measure in formula 11.61 is a probability measure on V{X) (i.e. the 
pushforward of the probability measure 7Ar on X^ under the normalized 
map defined by formula II. 6p . The convergence of the free energy in 
Theorem 11.1.31 may hence be formulated, using the formalism in remark 
13.71 as 
(7.3) 

- log / e'^-'^^t^-V^ ^ inf = inf ,{W - U[f,]), 

Jv(x) 

where the infimum is taken over all measures in the subset Si{X) of 
V{X). Now, if we knew that z/jv satisfied a large deviation property with 



rate functional —I'^ (see [35j for the definition) then l7.3l would follow from 
Varadhan's lemma which applies to all bounded continuous functions U 
on V{X) (and not only to linear ones). In general, Erie's theorem gives 
the reverse statement. Hence, to obtain the large deviation property one 
would have to extend the convergence 17.31 to other functions U on V{X) 
than linear ones. It should also be pointed out that one usually demands 
that the rate functional be semi-continous and defined on all ofV{X). 
Anyway, it seems natural to conjecture that has a large deviation 
property with (some extension of) the rate functional — 

7.3. Variation of weights and direct image bundles. In this section 
we will take k = 1 and consider the line bundle L + Kx over X. Recall 
(section 13.11) that the family 0j of weights on L ^ X may be identified 
with a C^'^— smooth weight $ on the pulled-back line bundle vr^L on 
A X X under the natural projection from A x X to X. Let J-'(t) := J-'[4>t], 
which according to Lemma 16.21 may be written in terms of a Gram- 
Schmidt matrix. Following |14| we may hence write 



^'^^'^ - Tre 

where 0t is an N times N Hermitian matrix which may be identified with 
the curvature matrix of the vector bundle E obtained as a direct image 
bundle. Concretely, this means that E is the Hermitian holomorphic 
vector bundle over A, whose fiber Et over t is the space H^X, L + Kx) 
equipped with the inner product induced by the weight (ptu 

The following proposition is a generalization to non-psh weights of 
Berndtsson's curvature estimate for direct image bundles in p3]. 

Proposition 7.2. Let (pt be as above and such that -^(pt is for each fixed 
t supported in the pseudo-interior of the bulk of (X, 0o)- Then 

(e^%,.) > (c(0,).,.)^^ 
\ I <t>t 

for any element s in H^{X, L + Kx), where 

c(0i) = t,{dd^^)''+^/{dxd'x(l)Tdt A dt{n + 1)! 

Proof. The proof can be given word by word as in [H] , if one replaces 
the use of the Hormander-Kodaira estimate there with the estimate in 
Theorem 14. 1[ The details will appear elsewhere. □ 

In particular, the previous proposition implies that the free energy 
J-{t) is spsh as a function of t under the conditions on 0j in the previous 
theorem combined with the condition that (ptiz) be locally spsh w.r.t. 
it,z) when z is in the bulk of (X, 0o) (ensuring that c(0j) is positive). 



Hence, TrG* is the curvature form of the corresponding determinant Une bundle 
whose fiber over t is the top exterior power /\^ H^{X, L + Kx)- 



It is also interesting to see that a similar argument gives the general 
estimate 

(7.4) {es,s)^^<0 

for any continuous affine family (pt = 4> + tu if Et = H^{X, L) (we have 
fixed a reference measure /i). Geometrically, this just amounts to the 
fact that curvature of holomorphic bundles decreases along subbundles. 
In particular, 17.41 implies the well-known fact that + tu) is concave 
w.r.t. a real parameter t (which is also a consequence of the fact that 
the second derivatives are given by minus the corresponding variance). 

Remark 7.3. Note that summing the inequality in proposition 17.21 over 
an orthonormal base (sj) gives with L replaced by kL 

^_(„+i)9^(t) ^ ^^Q^ ^ ^ c(0,)fc->«a;„ ^ U{dd^<^r+'/{n + 1)!, 

where we have used formula 11.41 in the last step. This inequality is con- 
sistent, as it must, with Theorem 11.71 It should be pointed out that in 
the case that is smooth and spsh the asymptotic equality in Theorem 
1 1.71 follows from Theorem 4.2 in |T4] (see also [46] ), where the subleading 
term in the expansion is also computed. Yet another proof, which by- 
passes the decay estimate in Theorem 11.31 could be obtained by using the 
formula in Lemma [631^) as before and estimating the l.h.s. above from 
below by integrating merely over the "third region" in X x X defined in 
the proof of Theorem 15.81 and then proceeding as before. This then gives 
the corresponding upper bound on the l.h.s. which hence must be an 
asymptotic equality. 
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